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£-INVARIANTS AND LOCAL-GLOBAL COMPATIBILITY FOR THE GROUP 

gl2 if 


YIWEN DING 


Abstract. Let F be a totally real number field, p a place of F above p. Let p be a 2-dimensional p-adic 
representation of Gq1(F/F) which appears in the etale cohomology of quaternion Shimura curves (thus 
p is associated to Hilbert eigenforms). When the restriction pp := p\d^ the decomposition group 
of p is semi-stable non-crystalline, one can associate to pp the so-called Fontaine-Mazur /^-invariants, 
which are however invisible in the classical local Langlands correspondence. In this paper, we prove one 
can find these /^-invariants in the completed cohomology group of quaternion Shimura curves, which 
generalizes some of Breuil’s results [6] in the GL 2 /Q-case. 
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Introduction 


Let be a totally real number field, B a quaternion algebra of center F such that there exists only 
one real place of F where B is split. One can associate to B a system of quaternion Shimura curves 
{Mk}k, proper and smooth over F, indexed by open compact subgroups K of {B We fix a 

prime number p, and suppose that there exists only one prime p of F above p. Suppose B is split at p, 
i.e. {B (8)q Qp)^ = GL 2 (Fp) (where Fp denotes the completion of F at p). Let F be a finite extension of 
Qp sufficiently large with Oe its ring of integers and we a uniformizer oi Oe- 

Let p be a 2-dimensional continuous representation of Gal(F/F) over E such that p appears in the 
etale cohomology of Mk for K sufficiently small (so p is associated to Hilbert eigenforms). By the 
theory of completed cohomology of Emerton ([22]), one can associate to p a unitary admissible Banach 
representation n(p) of GL 2 (Fp) as follows: put 

H\KP,E) := {\^\^HI,{Mk.K'^ XfF,Oe/vjI)) F 

n 

where denotes the component of K outside p, and K'^ runs over open compact subgroups of GL 2 (Fp). 
This is an F-Banach space equipped with a continuous action of GL 2 (Fp) x Gal(F/F) x where T-F 
denotes the F-algebra of Hecke operators outside p. Put 

n(p) := {p,H\KP,E)). 

The representation n(p) is supposed to be (a finite direct sum of) the right representation of GL 2 (Fp) 
corresponding to Pp := p\Ga\(F^/Fg,) p-adic Langlands program (cf. [7]). In nowadays, we know quite 

little about n(p), e.g. we don’t know wether it depends only on the local Galois representation pp. By 
local-global compatibility of the classical local Langlands correspondence for GL 2 /F (for i = p), one can 
indeed describe the locally algebraic vectors of II(p) in terms of the Weil-Deligne representation WD(pp) 
associated to pp and the Hodge-Tate weights HT(pp) of pp via the local Langlands correspondence. 
However, in general, (unlike the i ^ p case), when passing to (WD(pp), HT(pp)), a lot of information 

about Pp is lost. Finding the lost information in n(p) is thus one of the key problems in p-adic Langlands 
program (this is in fact the starting point of Breuil’s initial work on p-adic Langlands program, cf. [5]). 

In this paper, we consider the case where Pp is semi-stable non-crystalline and non-critical (i.e. Pp sat- 
ishes the hypothesis 4.1). In this case, the missing data, when passing from pp to (WD(pp), HT(pp)), can 
be explicitly described by the so-called Fontaine-Mazur C-invariants = (^cr)creSp G F'^ associated 
to Pp (e.g. see §4.1), where Ep denotes the set of Qp-embeddings of Fp in Qp. Using these £-invariants, 
Schraen has associated to pp a locally Qp-analytic representation E( WD(pp), HT(pp), ) of GL 2 (Fp) 
over F (cf. [38, §4.2], see also §4.2), which generalizes Breuil’s theory [4] in GL 2 (Qp)-case. Note that one 
can indeed recover pp from E( WD(pp), HT(pp), F^^). The main result of this paper is the 

Theorem 0.1 (cf. Thm.4.5). Keep the above notation and suppose that p is absolutely irreducible modulo 
We, there exists a continuous injection of GL 2 (Fp)-representations 

E(WD(pp),HT(pp),Fsp) n(p)Q,-a„, 

where n(p)Qp_an denotes the locally Qp-analytic vectors ofIl{p). 

Such a result is called local-global compatibility, since the left side of this injection depends only on 
the local representation pp while the right side is globally constructed. Moreover, one can prove the 
“uniqueness” (in the sense of Cor. 4.7) of E( WD(pp), HT(pp), F^^) as subrepresentation of n(p)Qp_an- 

As a result, we see the local Galois representation pp is determined by n(p). Such a result in the Qp-case, 
proved by Breuil ([6]), was the first discovered local-global compatibility in the p-adic local Langlands 
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correspondence. In fact, the /^-invariants appearing in the automorphic representation side are often 
referred to as Breuil’s C-invariants. The theorem 0.1 thus shows the equality of Fontaine-Mazur C- 
invariants and Breuil’s £-invariants. Our approach is by using some p-adic family arguments on both 
GL 2 -side and Galois side, thus different from that of Breuil (by using modular symbols). 

In the following (of the introduction), we sketch how we manage to “find” {/lo-jcrGSg, in n(p)- For 
simplicity, suppose pp is of Hodge-Tate weights (—1, 0)^^ (thus pp is associated to Hilbert eigenforms of 
weights (2, • • • ,2; 0) in the notation of [14]). Let r G Sp, it’s enough to find £t in n(p)T--an (the maximal 
locally r-analytic subrepresentation of n(p)) in the sense of (2) below: 


Denote by Zi 


a 0 
0 a 


a £ 1 -f ‘2zu(D^ 


(where Op denotes the ring of integers of Fp and w 


is a uniformizer of Op), consider (where “(.)^i” signifies the vectors fixed by Zi, and 

“r — an” signifies the locally r-analytic subrepresentation). By applying Jacquet-Emerton functor, one 
gets an essentially admissible locally r-analytic representation of T{Fp): which is 

moreover equipped with an action of TiP commuting with that of T{Ep). Following Emerton, one can 
construct an eigenvariety Vr from ,E)^p^^), which is in particular a rigid space finite over Tt, 

the rigid space parameterizing locally r-analytic characters of T{Ep) (cf. Thm.3.1). A closed point of Vr 
can be written as (y, A) where y is a locally r-analytic character of T{Ep) and A is a system of Hecke 
eigenvalues (for H^). 


One can associate to p an E-point Zp = {xp, Ap) of Vr, where Xp = unr(Q!/( 7 ) ( 8 )unr(( 3 'a) (unr(a) denotes 
the unramified character of E^ sending g 7 to a), Ap denotes the system of eigenvalues of 'HP associated 
to p (via the Eichler-Shimura relations), {a,qa} are the eigenvalues of on Dst{pp) (where do is the 
degree of the maximal unramified extension of Qp in Ep, q := Moreover, by multiplicity one result 
on automorphic representations of {B A)^, one can prove as in [17, §4.4] that Vr is smooth at Zp (cf. 
Thin. 3.28, note that by the hypothesis 4.1, Zp is in fact a non-critical point). 

Let t : SpecE[e]/e^ ^ Vr be a non-zero element in the tangent space of Vr at Zp, via the composition 

t : SpecE[e]/e^ —> Vr —TV, 

one gets a character yp = yp^ ® yp ,2 : T[Fp)^ —>• {E[e]/e^)^ , which is in fact an extension of Xp by Xp- 
One key point is that, by applying an adjunction formula in family for the Jacquet-Emerton functor (see 
[22, Lem.4.5.12] for the GL 2 (Qp)-case) to the tangent space of Vr at Zp, one gets a non-zero continuous 
morphism of GL 2 (Ep)-representations (where B{Fp) denotes the group of lower triangular matrices) (see 
(43)) 

( 1 ) ^ ^ iTi(E^E)fi,„[Ap] 

where 5 := unr((jf“^) ® unr(q) and we refer to [38, §2] for locally r-analytic parabolic inductions, and 
where the right term denotes the generalized Ap-eigenspace of H^{KP, 


Another key point is that one can describe the character yp in term of Cr'- 

Lemma 0.2 (cf. Lem. 4. 14). There exists an additive character y of E^ in E such that Xp (as a 2- 
dimensional representation ofT{Ep) over E) is isomorphic to Xp G)_e V’(Tr,y) where 

and logr^£ denotes the additive character of F^ such that logr_£ \qx = t o log and logr_£(p) = £■ 


To prove this lemma, one considers the p-adic family of Galois representations over Vr- In fact, there 
exist an admissible neighborhood U of Zp in Vr and a continuous representation pjj : Gal(E/E) —>■ 
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Gh 2 {Ou) such that the evaluation of pu at any classical point of U (which thus corresponds to certain 
Hilbert eigenforms h) is just the Galois representation associated to h. Via the map t, one gets a 
continuous representation p : Gal(F/F) —>• GL 2 (i?[e]/e^) which satisfies p = p (mod e). By the theory of 
global triangulation [29], one can obtain an exact sequence (cf. (38)): 

0 —^£;[e]/e2(unr(q)Xp,l) —£>rig(Pp) n.-‘)-o. 

where pp := p\Qg^i(j^/p y The lemma then follows by applying the formula in [43, Thm.1.1] (which 
generalizes Colmez’s formula [19] in Qp-case) to pp. 


Return to the map (1). We know (Xp(5 ™ exact sequence 


IndGL.lF.) 


XpS 


_1\ T —an 


B(F^) 


'xp5-^r 






^ 0 . 


where s depends on Lr and x as in the lemma 0.2. On the other hand, it’s known that ( Xp^ ™ 

admits a unique hnite dimensional subrepresentation V(a) := unr(a)odet. PutE(Q;,£T.) ■= s~^{V{a))/V{a) 
(cf. [38, §4.2]), which turns out to be independent of the character x in Lem. 0.2 and thus depends only 
on Cr- At last, one can prove that (1) induces actually a continuous injection of locally r-analytic 
representations of GL 2 (Fp) 

(2) E(a, Cr) '-^ n(p)r-an- 


It seems this argument might work for some other groups and some other Shimura varieties. For 
example, in the GL 2 /Q-case (with Coleman-Mazur eigencurve, reconstructed by Emerton [22, §4] using 
completed cohomology of modular curves), by restricting the map [22, (4.5.9)] to the tangent space 
at a semi-stable non-crystalline point, one can obtain a map as in (1). On the other hand, one can 
prove a similar result as in Lem. 0.2 by Kisin’s theory in [30] and Golmez’s formula [19]. Combining 
them together, one can actually reprove Breuil’s result in [6] for locally analytic representations and 
thus obtain directly the equality of Fontaine-Mazur /^-invariant and Breuil’s ^-invariant without using 
Darmon-Orton’s /I-invariant (as in Breuil’s original proof [6]). 

We refer to the body of the text for more detailed and more precise statements. 

After the results of this paper was firstly announced, Yuancao Zhang informed us that he had proved 
the existence of ^-invariants in n(p) in certain cases by using some arguments as in [8, §5], however, the 
equality between these £-invariants and Fontaine-Mazur /1-invariants was not proved. 


Acknowledgements. I would like to thank Santosh Nadimpalli, Benjamin Schraen, Yichao Tian, Yuan¬ 
cao Zhang for useful discussions or answering my questions during the preparation of this paper. In 
particular, I would like to thank Christophe Breuil for a careful reading of a preliminary version, for his 
remarks on this work, which help improve a lot of the text, and for suggesting the proof of Cor. 4.7. 


1. Notations and preliminaries 

Let E be a totally real field of degree d over Q, denote by Eoo the set of real embeddings of F. For 
a finite place I of E, we denote by F[ the completion of F at [, 0[ the ring of integers of F[ with zui a 
uniformiser of 0[. Denote by A the ring of adeles of Q and Kp the ring of adeles of F. For a set S of 
places of Q (resp. of E), we denote by A"® (resp. by Af) the ring of adeles of Q (resp. of F) outside 5, 
Sp the set of places of F above that in S, and A® := A|.^. 

Let p be a prime number, suppose there exists only one prime p of F lying above p. Denote by the 
set of Qp-embeddings of Fp in Qp; let w be a uniformizer of Op, Fp^ the maximal unramified extension 
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of Qp in Fp, do := : Qp]; e := [Fp : Fp_o]j <7 := and Vp a p-adic valuation on Qp normalized by 

Vp{vj) = 1. Let F be a finite extension of Qp big enough such that E contains all the Qp-embeddings of 
F in Qp, Oe the ring of integers of E and we a. uniformizer oi Oe- 

Let F be a quaternion algebra of center F with S{B) the set (of even cardinality) of places of F where 
B is ramified, suppose |S'(F) n Eoo| = d — 1 and S{B) fl Ep = 0, i.e. there exists Too S Soo such that 
B0e,t^ R = M 2 (R), B0e,<t'^ — H for any cr G Soo, cr ^ Too, where HI denotes the Hamilton algebra, and 
B 0Q Qp = M 2 {Fp). We associate to F a reductive algebraic group G over Q with G{R) := (F R)^ 
for any Q-algebra R. Set § := Resc/jjGm, and denote by h the morphism 

h : S(]R) ^ ^ C?(]R) ^ GL2(K) x a + bi^ , 1, • • • , 1 

The space of G'(R)-conjugacy classes of h has a structure of complex manifold, and is isomorphic to 
:= C \ R (i.e. 2 copies of the Poincare’s upper half plane). We get a projective system of Riemann 
surfaces indexed by open compact subgroups of G{A°°)-. 

Mk{C) := G(Q) \ (()± X {G{A^)/K)) 

where G(Q) acts on via G(Q) ^ G(R) and the transition map is given by 

(3) G(Q) \ ([)± X (G(A-)/Fi)) ^ G(Q) \ ([)± x (G(A°°)/F 2 )), {x,g) ^ {x,g), 

for Ki C K 2 . It’s known that Mk{C) has a canonical proper smooth model over F (via the embedding 
Too), denoted by Mk, and these {Mk}k form a projective system of proper smooth algebraic curves over 
F (i.e. the transition map (3) admits also an F-model). 


One has a natural isomorphism G(Qp) GL 2 (Fp). Let Ko p := GL 2 (Op), in the following, we fix an 
open compact subgroup of G(A°°>p) small enough such that the open compact subgroup K^Ko^p of 
G(A°°) is neat (cf. [33, Def.4.11]). Denote by S{KP) the set of finite places 1 of F such that [ \p, that F 
is split at I, i.e. B®eFi —^ M 2 (F[), and that (^GIj 2 {Fi) = GL 2 (G[). Denote by RP the commutative 
Gfi-algebra generated by the double coset operators [Glj 2 { 0 \)giGlj 2 { 0 \)\ for all gi G GL 2 (F[) with 
det(g[) G 0{ and for all I G S{K'p). Set 


T, := 


Si := 


GL2(0,) 1"' h GL2(0,) . 


then TiP is the polynomial algebra over Oe generated by {Ti, Si}i^s{KP)- 


Denote by Zq the kernel of the norm map ^ : Res e /q t which is a subgroup oi Z = 

Resp/djGm- We set G'” := G/Zq. 


Denote by Arti^^^,, : F^ ^ local Artin map normalized by sending uniformizers to geometric 

Frobenius elements (where C Gal(Qp/Fp) denotes the Weil group). Let a G Ep, denote by log^ 

the composition Op Op For C € E, denote by log^_£_^ the (additive) character of F^ such 

that log^ £ jj, = log^ and log^ £ ^^^(ccj) = C. Denote by log^ £ the (additive) character of Fp in E 
satisfying log^ £ = log^ and log,„_£(p) = C. Let C{w) := e“^(£ — log,„ (^))j f^us one has 

Denote by unr(a) the unramified character of F^ sending vo to a. 

Let V be an F-vector space equipped with an F-linear action of A (with A a set of operators), x a 
system of eigenvalues of A, denote by the y-eigenspace, V[A = x] the generalized y-eigenspace, 

the vector space of A-fixed vectors. 
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Let S C Ep, key € Z>2 for all a G S, denote by W{kg) := ( 8 )cres( the algebraic 

representation of G(Qp) = GL2(Fp) with GL2(£’p) acting on (via GL2(£’p) GL2(i?) 

for a G S. Let w G Z, k^ G Z>2, k^ = w (mod 2) for all a G Sp, put W(kY;^,w) := Go-eEf. ( Sym^"”^ 


Denote by B{Fp) (resp. B{Fp)) the subgroup of GL 2 (Fp) of upper (resp. lower) triangular matrices, 
T{Fp) the group of diagonal matrices, N{Fp) the group of unipotent elements in B{Fp), Nq := N{Fp) n 
GL 2 (Op), Z' := T{Fp) n SL 2 (Fp), K^^p := {g G GL 2 {Op) \g = l (mod 2w)}, the center of 
Z[ := Z' n Put & := unr(g“^) ® unr(( 7 ) being a character of T{Fp) (which is in fact the modulus 

character of B{Fp)). 


Locally Qp-analytic representations of GL 2 (Fp). Recall some notions on locally Qp-analytic rep¬ 
resentations. Let P be a locally Qp-analytic representation of GL 2 (£’p) over E, i.e. a locally analytic 
representation of GL 2 (Fp) with GL 2 (Fp) viewed as a p-adic Qp-analytic group, V is naturally equipped 
with a Qp-linear action of the Lie algebra g of GL 2 (Fp) (thus an iJ-linear action of := E'^ given 

by 


Using the isomorphism 

(4) 




^■v := —exp{tf){v)\t=o- 


E E, a (g) 6 !->■ {a{a)b)a:F^ 




one gets a decomposition 0o- with g^ := g E. Let J C Ep, a vector e U is 

called locally J-analytic if the action of gs^ on v factors through gj := rio-ej 0 o- (we put g 0 := { 0 }), in 
other words, if v is killed by gs^yj (cf- [38, Def.2.4]); v is called quasi-J-classical if there exist a finite 
dimensional representation U of gj and a gj-invariant map 

U^V 


whose image contains v, if the gj-representation U can moreover give rise to an algebraic representation 
of GL 2 (£'p), then we say that v is J-classical. In particular, v is E^ \ J-classical if v is locally J-analytic. 
Note that v is 0-analytic is equivalent to that u is a smooth vector for the action of GL 2 (Fp) (i.e. v is 
fixed by certain open compact subgroup of GL 2 (£'p)) which implies in particular v is Ep-classical. 

Let U be a Banach representation of GL 2 (Fp) over E, denote by VQj,_an the iil-vector subspace 
generated by the locally Qp-analytic vectors of V, which is stable by GL 2 (Fp) and hence is a locally 
Qp-analytic representation of GL 2 (Fp). If V is moreover admissible, by [37, Thm.7.1], VQ^-an is an 
admissible locally Qp-analytic representation of GL 2 (Fp) and dense in V. For J C Ep, denote by Vj_an 
the subrepresentation generated by locally J-analytic vectors of VQ^^-an, put Uoo := H-an- 

Let y be a continuous (thus locally Qp-analytic) character of Fp (or any open compact subgroup of 
Fp) over E, then y induces a natural Qp-linear map (where Fp is viewed as the Lie algebra of Fp) 

Fp —> E, y ^y(exp(tr))|t=o, 

and hence an U-linear map : Fp E = naeE E ^ E. So there exist k^^yy G E, called the cr-weight 
of y, for all cr S Ep such that d^{{aey)ae^^) = So-eEp o-<yk^,<T- 

Let y = yi ® y 2 be a locally Qp-analytic character of T{Fp) over E. Put 

G(y) := {c G Ep I k^y^a — ^ ^>o}- 
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( 5 ) 



Denote by t the Lie algebra of T{Fp), the character y induces a character dx of := t(g>Qp E given by 


dx ■ -t E, dx 


0 


0 




da-kx 2 ,tT for 


Ja 0 

0 do 


G ia '■— E, (T GE, 


p- 


2. Completed cohomology of quaternion Shimura curves 
Recall some facts on completed cohomology of quaternion Shimura curves, following [22] and [33]. 


2.1. Generalities. Let IL be a finite dimensional algebraic representation of G‘^ over E, as in [14, §2.1], 
one can associate to W a, local system Vw of iil-vector spaces over Mk- Let Wo be 0£:-lattice of W, 
denote by <Swo the set (ordered by inclusions) of open compact subgroups of G(Qp) = GL 2 {Fp) which 
stabilize Wq- For any Kp G 5^0 j associate to Wq (resp. to Wq/wI; for s G Z>i) a local system 

Vvuo (resp. Vwo/-w%) of (!l£;-modules (resp. of (!l£;/tx7|,-modules) over MkpKp- Following Emerton ([22]), 
we put 


Hl,iKP,Wo) := 


Hl,{KP,Wo) := 


dIlt{^KpKP,Q’^Wo) 

KpGSwQ 

1_H§ ^^HltiMjipKpM^^Wo/^ 


ddlti^KpKP,Q^ '^Wo/r^%)j 


HI,{KP,Wo)e 

HI,{KP,Wo)e 


lim lim 

s KpG^WQ 

HUKP,Wo)®o, E- 
Hl,{KP,Wo)^o^ E. 

All these groups (O^j-modules or E-vector spaces) are equipped with a natural topology induced from the 
discrete topology on the finite group icp qi ^iUo/ro|) i and equipped with a natural continuous 

action of HP x Gal(Q/E) and of Kp G Swo- Moreover, for any [ G S{KP), the action of Gal(F[/E|) 
(induced by that of Gal(Q/F)) is unramified and satishes the Eichler-Shimura relation: 

(6) Frob^^ -Ti Frob"^ S', = 0 

where Frob( denotes the arithmetic Frobenius, £ the prime number lying below I, /[ the degree of the 
maximal unramified extension (of Q^) in Fi over (thus £d^ = \Oi/w{\). Note that HI^{KP,Wo)e is an 
Fl-Banach space with norm defined by the 0£;-lattice HI^{KP,Wo). 

Gonsider the ordered set (by inclusion) {Wo} of OB-lattices of W, following [22, Def.2.2.9], we put 

Hl,{KP,W) := \i^Hl,{KP,Wo)E, 

Wo 

HUKP,W) := \\mHl,{KP,Wo)E, 

Wo 

where all the transition maps are topological isomorphisms (cf. [22, Lem.2.2.8]). These E-vector spaces 
are moreover equipped with a natural continuous action of GL 2 (F'p). 

Theorem 2.1 (cf. [22, Thm.2.2.11 (i), Thm.2.2.17]). (1) The E-Banach space HI^{KP,W) is an admis¬ 
sible Banach representation o/GL 2 (F'p). IfW is the trivial representation, the representation Ht^{KP, W) 
is unitary. 

(2) One has a natural isomorphism of Banach representations of GL 2 {Ep) invariant under the action 
of HP X Gal(E/F); 


(7) 


HW<P,W) 


HUKP,E) W 
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(3) One has a natural GL 2 (i^p) x TLP x Gal{F/F)-invariant map 

( 8 ) HUKP,W)^HUKP,W). 


2.2. Localization at a non-Eisenstein maximal ideal. Let p be a 2-dimensional continuous repre¬ 
sentation of Gal(E /F) over E such that p is unramified at all 1 G S{K^). Let po be a Gal(E/F)-invariant 
lattice of p, and the semisimplihcation of po/wE, which is in fact independent of the choice of po. To 
one can associate a maximal ideal of W’, denoted by as the kernel of the following morphism 

^ Ue '■= OeIvoe, Ti i-G tr(Frob^^), Si M- det(Frobj”^) 

for all [ € S{KP). 

Notation 2.2. For an T-F-module M, denote by the localisation of M at 

Keep the notation in §2.1. As in [25, §5.2, 5.3], one can show that is a direct summand 

of F[l^{KP, W). Suppose in the following that p is absolutely irreducible modulo we and put p := p®®. 

Proposition 2.3 ([33, Prop.5.2]). The map (8) induces an isomorphism 

HURP, VF)p ^ HURP, VF)p.oo, 

where F[lf.{RP,W)p^oo denotes the smooth vectors (for the action of GL 2 {Fp)) in F[\^{Rp,W)- p. 

Proposition 2.4 ([33, Gor.5.8]). Let FI be a open compact prop-p subgroup of Ro,p, then there exists 
r G Z>i such that 

HUKP, E)p ^ C (^H/{Z{Q)nRPH)p, e) 

as representations of H, where c(^F[/{Z{Q) n RPH)p, E^ denotes the space of continuous functions from 

H/{Z{Q)nRPH)p to E, on which H acts by the right regular action, {Z{Q) Ci RPF[)p the closure of 
(Z(Q) n RPF[)p in G(Qp), and {Z(JQ) n RPF[)p the image of Z(Q) n RPFI in G{Qp) via the projection 
G(A-) ^ G(Qp). 

Let tjj he a continuous character of Zi over E. We see HI^{Rp, is also an admissible Banach 

representation of GL 2 (Fp) stable under the action Gal(F/F) x Rp. Put 

(9) Ui := {gp G Ri^p \ det{gp) = 1}. 

Let FIp := ZiUi which is a open compact subgroup of Ri^p, (Hp = Ri^p when p 7 ^ 2), we see the center 
of Hp is Zi. By Prop. 2.4 applied to H = Hp, one has ^note that {Z{Q) n RPHp)p is a subgroup of Zi^ 

Corollary 2.5. Let ip be a continuous character of Zi such that '4’\ (^z{Q)nKPH ) “ then one has an 
isomorphism of Hp-representations 

HiiRP,E)§^='f’ -^C{UuEf^ 

where Z\ acts on C(Ui, E'j^^ by the character ip, and Ui by the right regular action. 

3. Eigenvarieties 

3.1. Generalities. Gonsider the admissible locally Qp-analytic representation H^^.{Rp, E)q _an, by ap¬ 
plying the functor of Jacquet-Emerton (cf. [23]), one obtains an essentially admissible locally Qp-analytic 
representation Jb{hI^{Rp, E)Q^-aa) of T{Fp) (cf. [21, §6.4]). Denote by the rigid space over E 
parameterizing the locally Qp-analytic characters of T{Ep). By definition (of essentially admissible lo¬ 
cally Qp-analytic representations, cf. loc. cit.), the action of T{Ep) on Jb (HI^{Rp, E)Q^-an (where ” 6 ” 








signifies the strong topology) can extend to a continuous action of 0{T^^) (being a Frechet-Stein algebra) 
such that Jb{HI^{KP, E)Q^-an)^ is a coadmissible 0(Ti;p)-inodule. Thus there exists a coherent sheaf 
Mo on Tsp such that 

Xo (Te J ^ Jb (i?it i^)Q,-a„) ^ 

The action of HP on Jb{HI^[KP, -E')Qp_an) induces a natural Of^ -linear action of HP on Mo- Following 
Emerton, one can construct an eigenvariety V{KP) from the triple |Afo,'H p|: 

Theorem 3.1 (cf. [22, §2.3]). There exists a rigid analytic space V{KP) over E together with a finite 
morphism of rigid spaces 

* : V{KP) fs, 

and a morphism of E-algebras with dense image (see Rem. 3.2 below) 

( 10 ) np^o^o{f^^) ^o{v{KP)) 

such that 


(1) a closed point z of V{KP) is uniquely determined by its image x Ty,^{E) and the induced 
morphism A : HP —^ E, called a system of eigenvalues of HP, so z would be denoted by (y, A); 

(2) for a finite extension L of E, a closed point (Xi'^) S V{KP){L) if and only if the corresponding 
eigenspace 

Jb {H^KP, E)Q^_a„ 

is non zero; 

(3) there exists a coherent sheaf over V{KP), denoted hy A4, such that i:i.A4 = A4o and that for an 
L-point z = (x, A); the special fiber is naturally dual to the (finite dimensional) L-vector 
space 

Jb{hUKP,E)q^_,^ 

Remark 3.2. Indeed, by construction as in [22, §2.3], for any afjinoid admissible open U = SpmA 
'in- one has i~^{U) = SpmR where B is the affinoid algebra over A generated by the image of 

HP —i> EndA(A4o([/)), from which we see (10) has a dense image. 


Denote by V(iFP)red the reduced closed rigid subspace of V[Kp). 
Lemma 3.3. The image of HP in 0(y{KP )red) via (10) lies in 


0(V(iF*>),ed)° := {/ G 0{ViKP),e<i) 


||/(x)ll <1, VxGV(iF^)(E)}. 


Proof. It’s sufficient to prove for any closed point (x. A) of V{KP), the morphism A : HP —>■ E factors 
through Oe- But this is clear since HI^{KP,E) has an T^^’-invariant O^-lattice (see §2.1). □ 


Since the rigid space Ty^ is nested, by [1, Lem.7.2.11], one has 

Proposition 3.4. The rigid space V{KP) is nested, and 0(V(iF^)red)° is a compact subset ofO(y{KP)red) 
(where we refer to loc. cit. for the topology). 

It would be conviennent to fix a central character (in the quaternion Shimura curve case), let w G Z, 
consider the (essentially admissible) locally Qp-analytic representation 

JB(HUKP,Ef^=-f^~'^) - JB{HUKP,E)^^_,^^f^=-^~\ 
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( 11 ) 



One can construct an eigenvariety, denoted by V{KP, w), in the same way as in Thm.3.1 which satisfies 
all the properties in Thm.3.1 with HI^{KP,E) replaced by HI^{KP, ”. Denote by Tj:^{w) the 

closed rigid subspace of such that 

(12) %,{w){E) = {x e fs, I xlz, = 

moreover, if we denote by Mq{w) the coherent sheaf over {w) associated to Jb {^E[1^{KP, ) j 

by (11), one has M.o{w) = ^0 (T^^{w)) and thus (by the construction in [22, §2.3]) V{KP, w) = 

V{KP)xf^ %{w). 


3.2. Classicality and companion points. Let T{Fp)'^ := ^ ^ ^(^p) 

can equip V^° with a continuous action of T{Ep)'^ by 

TTtiv) :=\No/tNQt~'^\ ^ ^ {nt){v). 

n^No/tNot-'^ 


Vpia) > Up(d) 


one 


One has a natural T(i^p)“^-invariant injection 

(13) Jb{V) ^ 
which induces a bijection (cf. [23, Prop.3.4.9]) 

( 14 ) ^ y^o.T(Fp) +=x 


for any continuous (locally Qp-analytic) characters x of T{Fp). In fact, by the same argument in [23, 
Prop.3.2.12], one can show (13) induces a bijection between generalized eigenspaces (note that the action 
of r(Fp)+ on V^°[T{Fp)~^ = x] extends naturally to an action of T(Fp)) 

(15) Jb{V)[T{Fp) = x] ^ V^°[T{Fp)+ = xj- 

Definition 3.5. For an L-point z = (Xi A) ofV{KP), S C T,p, z is called S-classical (resp. quasi-S- 
classical) if there exists a non-zero vector 

V G Lfo,nF.r=x,'H^=^ 

such that V is S-classical (resp. quasi-S-classical). We call z classical (quasi-classical) if z is 'Ep-classical 
(resp. quasi-Y^p-classical). 


Definition 3.6. Let z = (xi 0 X 2 i be a closed point in V[KP), for S C C'(x) (cf. (5)), put 


(16) 


Xs — Xi.s' 


’X2.S := Xi n 

creS 




— k-y 


X2l[ 

(tGS 


U^xi , 


— k-y 


7+1. 


we say that z admits an S-companion point if Zg := (xsj-^) cdso a closed point in V{KP). If so, we say 
the companion point Zg is effective if it is moreover quasi-C{x)\S-classical (note that C{xs) — C'(x) \‘S') ■ 


As in [20, Lem.6.2.24], one has 

Proposition 3.7. Let z = (Xj ^) be an L-point in V(KP), a G C'(x); suppose there exists a non quasi-a- 
classical vector (see %1 for dx) 

V G {HUKP,E)q^_,^ <E)e Lf°’^^^=‘'^[T{Fp)+ = x,nP = A], 

then z admits a a-companion point. Moreover, there exists S C C(x) containing a such that z admits an 
effective S-companion point. 
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Proof. We sketch the proof. Let ka := k^^^cr — k^^cr+2 G Z >2 (since a G C'(x)), if v is not quasi-cr-classical, 

we deduce that -v^O ^where := G 0cr^, moreover, as in [20, Lem.6.3.15], 

one can prove is a generalised '^)-eigenvector for T{Fp) x From which we deduce 2 admits a 
(T-companion point. If is not quasi-cr'-dassical for some a' G C'(x) \ {o'} = C{Xa)^ can repeat this 
argument to find companion points of until one gets S Q C (x) and an effective S'-companion point of 
z. □ 

Remark 3.8. One can also deduce this proposition from the adjunction formula in [11, Thin. 4.3]. 


As in [20, Prop.6.2.27], one has 

Theorem 3.9 (Classicality). Let z = (x = Xi ® X 2 ,^) be an L-point in V{KP). For a G C(x), put 
ka := ky^^^a - fcx 2 .o- + 2 e Z> 2 . Let S C C'(x), if 


then any vector in 


VpiqXii^)) < inf (fc^ - 1}, 

(T^O 


(^E =x,nP = A] 


in quasi-S-classical, in particular, the point z is quasi-S-classical. 

Proof. We sketch the proof. For cr G S', if there exists a non quasi-o'-classical vector 

u G =x,nP = A], 

by Prop. 3.7, z admits an effective S'-companion point Zg, with S' C C'(x) containing a. Using [20, 
Prop.6.2.23], this point would induce a continuous injection from a locally Qp-analytic parabolic induction 
twisted with certain algebraic representation (as in loc. cit. by replacing J, S, C'-g(x) by Ep, S', C(x) 
respectively) into F[1^^{Kp,E) ®e L. Since H^^{Kp,E) is unitary, one can apply [10, Prop.5.1], and get 
(as in [20, Cor.6.2.24]) Vp(qxi(zu)) > ~ 1); ^ contradiction. □ 

Corollary 3.10. Let w G Z, z = (x = Xi ® X 2 ,A) be an L-point in V{KP,w) with C'(x) = Ep, 
fccr ;= fcxi.'T ~ ^X 2 ,o- + 2 G 2Z>i such that ka = w (mod 2) for all a G Ep. There exist thus smooth 
characters tpi, 'ip 2 such that (note that + ^X 2 ,cr = —w) 

n w-ka+2 -pi- m + fccr-2 

a 2 -01 (g) j I fj 2 ^2 


Xi 




(tGSk 


Let S C Spj if 


Vp{qipi{w)) < ^ + inf (fca - 1}, 


(tGS 


then the point z is S-classical. 


Remark 3.11. We invite the reader to compare this corollary with conjectures of Breuil in [9] and results 
of Tian-Xiao in [41] . 


3.3. Localization at a non-Eisenstein maximal ideal. Let p be a 2-dimensional continuous rep¬ 
resentation of Gal(F'/F') over E, suppose that p is absolutely irreducible modulo voe and there ex¬ 
ists an irreducible algebraic representation W of such that F[l^[KP,W)-p {p is thus called mod¬ 
ular). It’s known that there exist w G 'Z, k^- G Z> 2 , ka = w (mod 2) for all a G Ep such that 
W = W(k^^,w). We fix this lu in the following. Consider the essentially admissible locally Qp-analytic 

representation Jb{HI^{K ^), whose strong dual gives rise to a coherent sheaf Mo{KP,w)p 
over Tsp. As in Thm.3.1, one can obtain an eigenvariety V{K'P,w)-p together with a coherent sheaf 
M{KP,w)p over V{KP,w)p, which satisfies the properties in Thm.3.1 with H^^{Kp,E) replaced by 
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Hl^{KP, Since HI^{KP, ” is a direct summand of HI^{KP, E)^^=‘^ ”, V{KP,w)p 

is a closed rigid subspace of V{KP,w) (cf. [20, Lem.6.2.6]). By Prop. 2.3, one can describe the classical 
vectors of as follows: 

Corollary 3.12. With the notation in Cor. 3.10, suppose moreover z in V{KP,w)-p, let v be a vector in 

(17) {HUK^.E)Q,-.np^E =x,nP = A], 

if V is classical, then v lies in (see Rem. 3.13 below) 

(18) = V'l 0 = A] 0 b x{k^,,w), 

with xiksg,^'’^) ■— rio-GSg, ® n<TGEp ^ [being a character ofT{Ep)). 

Remark 3.13. Note thatT{Fp) acts on via xik.SpT'^)! ^^e embedding of the vector space 

(18) into (17) is obtained by taking Ng-invariant vectors of the following GL 2 (P'p) x x Gal(P"/i^)- 
invariant injection (cf. Prop. 2.3) 

Hl,{KP,W{k^^,w))_^E W{k^^,w)^ ®B L 

^ [hUK^, E)q^_„n,p 0is W (fcs^ ,w))^0eW( k^^ ,w)'^0eL 

^H}^)KP,E)q^_,^-p^EL. 


We study in details the structure of V{KP,w)p. Let 
/„ n\ ^ /„ o ^ 

(19) T' := Z[ X 


w 0 
0 1 


w 0 
0 w 


zi 0 
0 Z2 


z,eo;, zf^ = 1 


One has thus a finite morphism of rigid spaces (which is moreover an isomorphism when p ^ 2) 


(20) Te, X (0i)^^, (x|t',x|zx), 

where (T’Osp denote the rigid spaces parameterizing locally Qp-analytic characters of T' and 

01 respectively. Note that Adi := pr;^ ^ Ado(Ai^, w)p is in fact a coherent sheaf over (T')ep' support 
of Mg{KP,w)-p is contained in Tsp(w) (as a closed subspace of Tsp), which is finite over 


Put n := let Rp be a (finite) set of representatives of T{Ep)/T'Zi in T{Ep) (note T{Ep) = 

T'Zi when p ^ 2), let % be the ©B-algebra generated by %p and | f 


'zi 0 

0 Z2 


Zi € 


Op, z( ^ = l|, and the elements in Rp. Denote by Wi_Ep the rigid space ove E which parameterizes 

locally Qp-analytic characters of 1 + 2wOp = 0(, by the decomposition of groups (19), one gets a natural 
projection pr : (T’Osp ^ x ^m, X (xUDX(n))- By Cor. 2.5 and the argument in the proof 

of [23, Prop.4.2.36] (e.g. see [23, (4.2.43)]), we see M.i[{T')e,^) is a coadmissible 0{VVi^^^){{X,X~^}}- 

module with X acting on A4i((T')2^) by the operator LI. Denote by A42 the associated coherent sheaf 
over Wi,Ep X Gm, which is equipped with an Owi.Ep xGm“iiaear action of 77. One can thus construct 

V{KP,w)p from the triple {Ad 2 , (POs as in [22, §2.3]. 


Let {SpmAijig/ be an admissible covering of Wi.Sj, by increasing affinoid opens, by Cor. 2.5, [23, 
(4.2.43)] and the results in [20, §5.A], for any i € I, there exists a Fredholm series Fi{z) S 1 -I- zAi{{z}} 
(which is hence a global section over SpmAi x Gm) such that the coherent sheaf Al 2 |spmAixGm is 
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supported at Zi where Zi is the closed rigid subspace of SpmAi x Gm defined by Fi{z). Moreover, it’s 
known that (cf. [12, §4]) Zi admits an admissible covering {Uij = S\)u\Ai[z\/Pj{z)} such that 

• Pj{z) S 1 + zAi[z] is a polynomial of degree dj with leading coefficient being a unit, 

• there exists Qj{z) S 1 + zAi{{z}} such that Fi{z) = Pj{z)Qj{z) and that {Pj{z), Qj{z)) = 1. 

As in the proof of [20, Prop.5.A.6], one can show A42{Uij) is a finite locally free Ai-module of rank dj, 
equipped with an Ai-linear action of 'H such that the characteristic polynomial of 11 is given by Pj{z), and 
that Qj(n) acts on M 2 {Uij) via an invertible operator. Denote by Tlij the Ai[z\/Pj{z)-dXgehTa, generated 
by the image of the natural map 

% - FliAAi[z\/Pi(z){M2{Uij)), 

which is also the A^-algebra generated by the image of the map % EndA^ (A42(Dy)) (since If S 'H). 
The restriction V[K'p, w)-p\,. is thus isomorphic to SpmHy. In particular, we see that the construction 
of V{KP, w)-p coincides with the construction of eigenvarieties by Coleman-Mazur (formalized by Buzzard 
in [12]). Since is equidimensional of dimension d, by [16, Prop.6.4.2], we have 

Proposition 3.14. The rigid analytic space V{KP,w)p is equidimensional of dimension d. 

Definition 3.15. For a character x ofT(Fp), we say thatx Is spherically algebraic if x is the twist of an 
algebraic character by an unramified character. We call a closed point z = (y. A) ofV{K^, w) semi-stable 
classical if z is classical and y is spherically algebraic. 

Denote by C{w) the set of semi-stable classical points in V{KP,w)p. By the same argument as in the 
proof of [16, Prop.6.2.7, Prop.6.4.6], the following proposition follows from Cor. 3.10. 

Proposition 3.16. (1) Let z = (y, A) be a closed point of V{K^,w)-p, suppose moreover y spherically 
algebraic, then the set C{w) accumulates over the point z, i.e. for any admissible open U containing z, 
there exists an admissible open V C U, z G V{E) such that C{w) H V{E) is Zariski-dense in V . 

(2) The set C{w) is Zariski-dense in V{KP,w)-p. 

3.4. Families of Galois representations. 


3.4.1. Families of Galois representations on eigenvarieties. Keep the notation in §3.3. For 1 € S{KP), 
denote by a[ £ 0{y{KP,w)p^red) ^resp. fa[ £ 0{y{KP,w)p^red)'j the image of T[ £ TF (resp. Si £ TP) 
via the natural morphism TP -A 0(V(ArP, u>)p,red) • Denote by S the complement of S{KP) in the set of 
finite places of F, which is hence a finite set. Denote by F^ the maximal algebraic extension of F which 
is unramified outside S. 

For any z £ C{w), by [14] (and Cor. 3.12), there exists a 2-dimensional continuous representation of 
Gal(F/F) over k{z), the residue field at z, which is unramified outside S and hence a representation of 
Ga\{F^/F), such that (see also (6)) 

Frobj"^ —a[_ 2 Frobj"^ = 0 

where ai_ 2 ,b[^ £ k[z) denote the respective evaluation of Ui and fa[ at z. In particular, one has 
tr(Frob]“^) = ai^z- Denote by Tz '■ Gal{F^/F) —>• fc(z), g tr{pz:{g)), which is thus a 2-dimensional 
continuous pseudo-character of Gal(F‘®/F) over k{z). By [16, Prop.7.1.1] and Prop. 3.4, one has 

Proposition 3.17. There exists a unique 2-dimensional continuous pseudo-character F : Gd\{F^/F) —> 
0(V(ArP, r(;)p,red) such that the evaluation ofT at z £ C{w) equals to Tz. 
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Let z be a closed point ofV{KP, w)p, denote by Tz '■= T|z, which is a 2-dimensional continuous pseudo¬ 
character of Gal(i^‘^/F) over k{z). By [40, Thm.l(2)], there exists a unique 2-dimensional continuous 
semi-simple representation of Ga\{F^ / F) such that ti^pz) = Tz- By Eichler-Shimura relations, one 
has ^ = p, in particular, p^ is absolutely irreducible. By [2, Lem.5.5], one has 

Proposition 3.18. For any closed point z ofV{KP,w)j, there exist an admissible open ajfinoid U 
containing z in n’)p,red o,nd a continuous representation 

pu : GaliF^/F) GUiOu) 
such that pulz = p^i for any z' S U{E). 

In general, by [1, Lem.7.8.11], one has 

Proposition 3.19. Let U be an open affinoid ofV{K^,w)p^^ed, there exist a rigid space U over U, and 
an Ojj-module A4 locally free of rank 2 equipped with a continuous Ojj-linear action of Ga.\{F^/F) such 
that 


(1) the morphism g : U ^ U factors through a rigid space U' such that U is a blow-up over U' of 
U' \ U" with U" an Zariski-open Zariski-dense subspace of U' and that U' is finite, dominant 
over U; 

(2) for any z G U{E), the 2-dimensional representation A4|z of Gal{F^/E) is isomorphic to Pg(z)- 

Remark 3.20. Let Z be a Zariski-dense subset of closed points in U, then g~^(U) is Zariski-dense in 
U: denote by g' : U' ^ U the morphism as in (1), by [16, Lem.6.2.8], we see {g')~^{Z) is Zariski-dense 
in Lf, so {g')~^{Z) fl U"{E) is Zariski-dense in U" and hence Zariski-dense in U. 

3.4.2. Trianguline representations. Consider the restriction pz^p := pAGa\(fFf/Fp)- Denote by Ep^oo '■= 
Un^’p(Cp") where Cp" is a root of unity primitive of order p". Set L := Gal(Ep_oo/^"p), Hp := Gal(Qp/Fp,oo) 
One has a ring (cf. [3, §3.4]) which is equipped with an action of p and Gal(Qp/Qp) such that 
:= is naturally isomorphic to the Robba ring with coefficients in E^ where F^ denotes 

the maximal unramified extension of Qp in Rp,oo (which is finite over Rp,o). For an n-dimensional con¬ 
tinuous representation of Gal(Qp/Fp) over R, R>rig(R) := V)^^p is an etale ((p, r)-module of 

rank n over TZe ■= Btg p^ E (i.e. an etale (p, r)-module over R^g p^ equipped with an action of E 
which commutes with that of (p and L) (cf. [3, Prop.3.4]). Let S : E^ E^ be a continuous character, 
following [32, §1.4], one can associate to 5 a (p, r)-module, denoted by TZe{5), free of rank 1 over TZe- 
The converse is also true, i.e. for any (p, r)-module D free of rank 1 over TZe, there exists a continuous 
character 5 : F^ —>■ E^ such that D = TZe{S). 

Definition 3.21 (cf. [18, Def.4.1], [32, Def.1.15]). Let p be a 2-dimensional continuous representation of 
Gal(Qp/Rp) over E, p is ealled trianguline if there exist continuous characters 5i, 62 of F^ over E such 
that D,:ig{p) lies in an exact sequence as follows: 

0 —>• TZe{5i) Dpig(V) —^ R._e(i52) 0. 

Such an exact sequence is called a triangulation, denoted by {p,Si,S 2 ), o/Rrig(p) (and of p). 

We refer to [32] for a classification of 2-dimensional trianguline representations of Gal(Qp/Rp). Note 
that if p is semi-stable, then p is trianguline, if p is moreover non-crystalline, then the triangulation of p 
is unique. 

Definition 3.22 (cf. [31, Def.4.3.1]). Let p be a 2-dimensional trianguline representation o/Gal(Qp/Rp) 
over E with [p, (5i, (52) a triangulation of p. For a G Ep, we say that p is non-a-critical if kg^^p — kg^p G 
Z>i. More generally, for J C T,p, we say p is non-J-critical if p is non-a-critical for all a G J, we say 
p is non-critical if p is non-Yip-critical. 
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For a closed point z = (xz = Xz,i ® Xz,2,-\z) of V{KP,w)p, put := - fcx^, 2 .<T + 2 G Z>2, 

for (T G C{xz)- If 2 G C(w), we see = w (mod 2) for all cr G Sp (note that C{xz) = Sp in this 
case). The following theorem can be easily deduced from the results in [34] (together with Cor. 3.12 and 
the results of [32] on triangulations of semi-stable representations, see [20, Prop.6. 2.44] for the unitary 
Shimura curves case). 

Theorem 3.23. Let z = (xz,i ( 8 )Xz, 2 ,Az) G C(w), then pz,p is semi-stable (hence trianguline) with a 
triangulation given by 

(21) 0 —>■ 'R-k(z){5z,l) —>■ Di:ig{Pz,p) Ti-k{z) (<^^, 2 ) 0 

where 

ISz,i = unr(g)xz.i n^res. 

\Sz,2 = Xz,2 riaeE^ riaeE, 

^ > „ , -,-r ‘^-kz,CT+2 ,, 

with Hz Q Sp (maybe empty). Put %)z,i '■= Xz.i IlcreEp (being an unramified character of ), 

for S C Hp, if one has 

Vp{qiljzx{w)) < + hli^{kz,a - 1}, 

cr^Yjp 

then Ez n 5 = 0 , in particular, in this case the triangulation (21) is non-S-critical. 

Denote by C{w)o the subset of C{w) of points z such that 

(22) Vp{q'ipz,li^)) < ~—^ jjj {kz,a-^}- 

As in [16, Prop.6.2.7, Prop.6.4.6], one can prove C{w)q is Zariski-dense in V{K^,w)p, and is an accumu¬ 
lation subset (cf. [1, §3.3.1]). By the theory of global triangulation, one has 

Theorem 3.24. Let z = (xz = Xz,i ® Xz. 2 )A) be a closed point of V{KP,w)-p, then the representation 
Pz,p is trianguline with a triangulation given by 

0 —>■ 'R.k(z){^z,l) Di.ig(pz,p) ^ T^k{z) {^z,2) 0 

where 

ISz,i = unr(q)xz.i H^ge, 

\Sz ,2 = Xz,2 n^GE^ riaGE. 
with Hz a subset (maybe empty) of Cfxz) C Ep. 


Proof. Since V{KP,w)p^red is nested, and C{w)o is Zariski-dense, there exists an irreducible afSnoid 
neighborhood of z such that (7(^)0 n U{E) is Zariski-dense in U (e.g. see [1, Lem.7.2.9]). Denote by 
g :U ^ U the rigid space as in Prop. 3.19, thus (<7(^)0 n U{E)') is Zariski-dense in U. The theorem 
then follows from [29, Thm.6.3.13] and [29, Ex.6.3.14] (see also [31, Thm.4.4.2]). □ 

Corollary 3.25. Keep the notation in Thm.3.24, suppose moreover 

(23) unr(g-i)x“iXz.2 ^ H ^ 

o-6Ep 

let S C ^^(xz); */ n S' = 0, then z does not have S'-companion point for any S' C S, S' 0. As a 
result, the point z is quasi-S-classical. 
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Proof. The second part follows from the first part and Prop. 3.7. We prove the first part. Let S' C S, 
S' 7 ^ 0, suppose 2 admits an S"-companion point Zg,, by applying Thm.3.24 to the point Zg,, one can get 
a triangulation (p^%,,p,S^c 2 ) for p^c ^ ^ ^ Note that S' n C{{xz)s') = 0. so S' n ,p = 0- 

By the hypothesis (23) and [32, Thm.3.7], one can check the triangulations ,p, ^ 2 |,, 2 ) and 
(pz.p, (^ 2 , 2 ) are the same. As a result, one sees S' C Sz, a contradiction. □ 

Corollary 3.26. Keep the notation in Thm.3.24, suppose Xz *5 spherically algebraic {thus Xi,z = 
with ipi^z OjU unramified character of and satisfies 

{note this condition is slightly stronger than the hypothesis ( 23 )), then there exists an open affinoid 
neighborhood U of z in V{KP, ■ir)p_red containing z such that for any closed point z' = {xz', A') € U{E), 
Sz' = 0 and z' does not have companion point. 

Proof. As in the proof of [16, Prop. 6 .2.7], one can prove C(ri;)o accumulates over z. Thus one can choose 
an open affinoid neighborhood Uq of z such that 

(1) C'(w)o n Uo{E) is Zariski-dense in Uq, 

(2) unr(g-^)xj/^Xz '.2 7^ o’"" any e z' S Uo{E) (see Lem.3.27(l) below). 

By [29, Thm.6.3.9], Zug := {z' € Uo(E) | Sz' 7 ^ 0} is a Zariski-closed subset of Uq and z ^ Zi/g. So there 
exists an open affinoid U of Uq containing z such that Zjj (defined in the same way as Zjjg by replacing 
Uq by U) is empty. The corollary follows. □ 

Lemma 3.27. Let xi ® X2 be a spherically algebraic character ofT{Ep) (which can be seen as a closed 
point ofT^^), and let tpi := XiUaes^ 

( 1 ) Suppose ^/’i(p)“^'02(p)<?~® 7^ 1 ) then there exists an admissible neighborhood U of xi ® X2 ^ 
such that unr(g-i)(x()-ix'2 7^ UaeSp for any G Z'^ and Xi ^ X2 ^ ^(^) • 

(2) Suppose 'ifi{vu)~^'if 2 {'^)~^q~^ 7 ^ 1 ) then there exists an admissible neighborhood U of xi ® X 2 in 

fsp such that unr(g-i)(x'i)“^X 2 O^eEp V any e and xi ® x '2 &U(E). 

Proof. Denote by Z-^.^ the rigid space parameterizing locally Qp-analytic characters of E^ . One has a 
morphism of rigid spaces: 

(24) fsp ^ Zsp, (xi)-' ® xi ^ Xixi- 

Let '00 := unr(( 7 “^)' 0 [“ ip 2 , we claim that 

• if ' 0 o(p) 7 ^ 1 (resp. 4 ’oi'^) 7 ^ l)i then there exists an admissible open Uq of Z^^ containing 0 o 
(where ifo is seen as a closed point of ^Ep) such that Ho-ge ^ U{E) for any G Z'^ (resp. 
rio-GEp cr"- (f U{E) for any n^p £ Z|o). 

Assuming this claim, and let U be the preimage of the admissible open (Ho-ge (of 

Zsp) in Tsp via (24). Thus U satisfies the property in the lemma (1) (resp. (2)). 

We prove the claim. Consider the projection Z-z^ —t WEp x Gm, X (xlc>^iX(p)) ^resp. the 

isomorphism Z^^ ^ Wsp x X (xlo^ix(^)))i set a := ipoip) (resp. a := '0o(^^)), which is the 
image of tpQ in G^- We discuss in the following two cases: 
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If Vp(a) ^ 0, then choose n € Z>i such that Vp{a) ^ p"Z; let Ui be an admissible open in 
containing the trivial character such that if IlcreEj, lc)X ^ Ui{E) then for all a, U 2 be an 

admissible open in Gm containing a such that Vp{a') = Vp(a) for all a' G U{E), one easily check the 
admissible open Uq ■= Ui x U 2 satisfies the property in the claim. 

If Vp{a) = 0, since a I by hypothesis, let U2 be an admissible open in such that a G U2{E), 
1 ^ U 2 {E) and for all a' G U 2 {E), Vp{a') = 0; put Uq := x U 2 , we see if x' = Ilo-eEi, ^ Uq{E) 

for G (resp. for G Z^g), thus Vp{x'{p)) = 0 (resp. Vp{x'{w)) = 0), thus 
so x'{p) = 1 ^ U 2 {E) (resp. = 0 for all a G 'Ep hence x'i"^) = 1 ^ ^ 2 ( 1 ?)), a contradiction, so Uq 
satisfies the property in the claim. □ 

3.4.3. Etaleness of eigenvarieties at non-critical classical points. Let 2 = (xz = Xz.i ^Xz, 2 ,^z) be a 
semi-stable classical point of V{KP,w)p, for a G Ep, we say that z is non-critical if 

(1) the triangulation ^z.i, <^ 2 , 2 ) (cf. Thm.3.24) is non-critical (i.e. E^ = 0), 

(2) unr(g-i)x”lxz.2 ^ ^ny G TJ^. 

Let i’z ,2 be unramified characters of E^ such that Xz,i = 4’z,i OtTeEp then the condition (2) 

is equivalent to tpzpiqzu) ipz, 2 {'^)- If one considers the Galois representation p^^p (which is semi-stable), 
this condition means the eigenvalues of (p‘^° on Dst{pz,p) are different. 

Consider the natural morphism 

V(i^^«;)p^fsp ^Wi.Ep, 

where the last map is induced by the inclusion Z[ —>• T{Ep) (see also (20)). This section is devoted to 
prove the following result. 

Theorem 3.28. Let z be a non-critical semi-stable classical point of the rigid space V{KP,w)-p, then 
V{KP,w)p is etale over Wi,Sp at z. 

The theorem follows by the same argument as in the proof of [17, Thm.4.8]. Let 2 = (xz = Xz.i ® 
Xz, 2 ,^z) ■ Spec Li —>■ V{KP,w)p be a non-critical semi-stable classical point of C(w), by the construction 
of V{KP,w)-p as in §3.3, one can find a connected afhnoid neighborhood U of ^( 2 ) in Wi,Sp and a finite 
locally free 0(t/)-module M equipped with an 0({7)-linear action of Ti, such that (see also the proof of 
[17, Thm.4.8]) 

(1) the affinoid spectrum V of Im {0{U) ®Ob ^ Endc)([/) (Tf)) is an afhnoid neighborhood of 2 in 

V{KP,w)-p (thus one has M{KP,w)-p{0{V)) = M as O(14)-module); 

(2) for each continuous character x G Wi,Ep(E), there is a T(Ep) x "H^-invariant isomorphism 

M<S>o(u)aE= 0 (JB(i^it(iL^£;)Q^_a„)®i^:B)^'“■^ ’^^~''[T{Ep)=Xz','HP = Xz'r; 

(x*oA^/)Gk-1(x) 

(3) k“^(k( 2 ))'^®'^ = { 2 } and the natural surjection 0{V) —>■ k{z) has a section. 

Let Zq C U he the set of closed points x such that any point in k“^(x) LI V{E) is classical, thus Zq is 
Zariski-dense in U (by Thm.3.9, note that Vp(xz',i(zu)) is bounded for 2 ' S V{E)), and Z := k“^(Zo)U{ 2 } 
is Zariski-dense in V. Up to shrinking Zq, one can assume that for any z' G Z, 

(a) Ez' = 0 (since 2 is supposed to be non-critical, for 2 ' y^ 2 , this would follow from Thm.3.23), 
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(b) uiir(g iXz ',2 7 ^ Ha 




for any G (e.g. by Lem. 3.27 (2), since by shrinking Zq, 


one can assume i,<^ — ^x^, 2 ,<y ~ for s-H cr € Ep, and z' G Zq). 

Let z' = {xz't^z') G denote by k{z') the residue field at z'. One has an isomorphism (cf. (15)) 


®Ek{z')y 


[T{F^)=Xz',nP = X,,] 


(^Hi{KP,E)^^_,^(g>Ek{z')) 
ve notation, any 
(^Hl,{KP,Eh^.,n(^Ek{z')) 


Nq,Z\—^ ,Z'^—k{z') 


Lemma 3.29. Keep the above notation, any vector in 

No,Zi—^~'^,Z[—k{z') 


is classical. 


[T{F^)=Xz',nP = K,]. 

[T{F^)=X^',nP = X.,] 


Proof. Suppose there exists a non-classical vector v, thus there exists a G Sp, such that v is non-cr- 
classical. By Prop. 3.7, one can prove z' admits a cr-companion point, which would lead to a contradiction 
by the same argument as in the proof of Cor. 3.25. □ 


Keep the above notation (so z' G Z), put ipz' '■= Xz'dltreSp ^ 0 Oo-GSg, ^ (being a 

smooth character of T{Fp)), Tq := ZiZ(, by Lem. 3.29, Cor. 3.12, one has an isomorphism of fc(z')-vector 
spaces 


(i7?t(/^^i^)Q,-a„ ®E k{z')) 


Nq,Zi—^ ^Z[—k{z') 


[nF^) = Xz',np = Xz,] 

Nq,Tq—iIj^ 


(^Hl,{KP,W{k^^,w)) ®E k{z')j [r(Fp) = ^^;z,,nP = A,,], 


where ka- := k^^ — k^^ + 2 for all a G Sp. So 


\ Zi—.yV ,Z[—K,{z') 

JByHetiKP ,E)i^^^s.n®Ek{z)j 

^ Jb (hi{kp, W{k^^ ,w))(^E k{z')) [r(Fp) = V-.' ,np = Xz,]. 
Denote by 6 {z') the dimension of the above vector space over k{z'). Set 


[nF^) = xz',np = Xz'] 

,To=V>. 


Hlt{W{kE,^,w)) := li^ HI^{{KP)',W{k-E^,w)) ®e E 
(Kpy 


where {KP)' runs over open compact subgroups of KP, this is a smooth admissible representation of 
G'(A°°) equipped with a continuous action of Gal(F/F). One has a decomposition of G{A°°) x Gal(A/F)- 
representations 

Hit {W (fcs^, w^)) = 0 P(7r) ® TT 

TT 

where tt runs over irreducible smooth admissible representations of G(A°°). It’s known that if p{Tr) fz 0, 
then dim;g-p( 7 r) = 2 (e.g. see [14, §2.2.4]). A necessary condition for p( 7 r) to be non-zero is that there 
exists an admissible representation tToo of G(R) such that tToo C* tt is an automorphic representation of 
G(A) (we fix an isomorphism A ^ C). Note that one has 

Hi {KP, W{k ^^, ^)) 0^ A (lP(fcs,, = 0 Pi^) ® ■ 

TT 

For an irreducible smooth admissible representation tt of G(A°“), tt admits thus a decomposition tt = ®| 7 ri 
with TTi an irreducible smooth admissible representation of (A 0 i? A[)^, where 1 runs over the finite places 
of A. Recall (e.g. see [28, Thm.VLl.l(4)]) 
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Proposition 3.30. Let tti, 1:2 be two automorphic representations of G{A), if = 712.1 for all but 
finitely many places I of F, then tti = tt 2 - 

By this proposition (and the above discussions), there exists a unique irreducible smooth admissible 
representation tTj/ of G(A°°) such that the action of TL^ on is given by and that p{7rz') 7 ^ 0 

(one has in fact pz' = p{tTz')). Thus 

= Xz>] - = Az'])- 

We have the following facts: 

• diia^ JBiTTz' ,p)[T{Fp) = ipz'] = 1 (by classical Jacquet module theory and the condition (b)), 

• dim-g 7 r^f[ = 1 , for all 1 € S{KP), 

from which we deduce 

^ JB{Hl,{KP,W{k^^,w)) k{z')f^=^^'[T{Fp) = f;z>,nP = A,.]. 

Denote by S' the complement of S{KP) U {p} in the set of finite places of F (thus S' is a finite set), we 
also deduce (compare with [17, (4.21)]) 

S{z') = 2 ^ dimg(7r^f, 
leS' 

By the same argument as in the proof of [17, Thm.4.8], one can prove 5{z') > 5{z) for all z' £ Z, and 
then deduce that 0{V) = 0{U) Zie k{z). The theorem follows. 

Remark 3.31. Keep the above notation, if z is moreover an E-point ofV{K^,w)-p (in practice, one can 
always enlarge E if necessary), thus one has 0{V) = 0{U). So the action ofT{Ep) on M is given by 
the character T{Fp) 0(V)^ = 0{U)^ induced by the natural morphism V —s- Tej,- 

4. £-invariants and local-global compatibility 

4.1. Fontaine-Mazur £-invariants. Recall Fontaine-Mazur £-invariants for 2-dimensional semi-stable 
non-crystalline representations of Gal(Qp/Fp). 

Let ki^rz,k 2 ,a £ Z, < ^ 2 , 0 - for all a £ let p be a 2-dimensional semi-stable non-crystalline 
representation of Gal(Qp/Fp) over E of Hodge-Tate weights {—k 2 ^a,—ki^a)aeSp- By Fontaine’s theory 
(cf. [26], [27]), one can associate to p a filtered (p,iV)-module {Do,D) where Dq := Dst{p) ■= (Rst < 8 iQp 
^^Gai(Qp/Fp) jg ^ A-module of rank 2 equipped with a bijective (Fp_o-semi-linear and E- 

linear) endomorphism p and a nilpotent Epp A-linear operator N such that Np = ptpN, and that 
D := Do ®Fp,o Fp — Dor{p) := (i?dR ®Qp p)Gai(Qp/Fp) Jg p^ A-module of rank 2 equipped with 

a decreasing exhaustive separated filtration by Fp A-submodules. 

Using the isomorphism 

Fp,o ®Qp A Y[ E, a® 

cro'-Fp^o^E 

one can decompose Dq as Dq Yiao-F^,, q^e Eao- Each is an E-vector space of rank 2 equipped 

with an E-linear action of (p‘^° and N, moreover, the operator p (on Do) induces a bijection: D^g —> 
Da-goip-^ ■ It’s known that Ker(A^) is a free Fpp ®q^ E-module of rank 1, and thus admits a decomposition 
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Ker(iV) ^ Ker(iV)cr(,. Let eo,cro € such that i?eo,cro = Ker(A^)o-(,. In fact, one can choose 

eo.o-Q such that 

( 25 ) (/ 3 (eo,(To) “ 60 jCT'oO(^-i- 

Since Ker(iV)CTo is stable by ^p'^°, there exists a G such that (p‘^°(eo,ao) = o;eo,cro (by ( 25 ), we see a is 
independent of uo). Since N(p = pipN, there exists a unique ei^ao G Derg such that Nei^ag = co.o-o and 
‘/^'^“(ei.ao) = (thus = Eeo^ag ® Eei^ag)- 


Using the isomorphism 

Ep'SiQp E ^ n E, {a{a)b)a^Y.^, 


one can decompose D as D ^ IlcrGEp ^o-q ®Fp,o Ep = 

For a G Ep, i = 0,1, let Ci^a G such that 


n o-GSp Da for any (Jq ■ Fp^ E. 

'^|j=’sD,o='^o 


^z,(To ® 1 — (ci^cr) (tGE^ 


Since p is of Hodge-Tate weights (—^ 2 , 0 -, —ki,< 7 )< 7 eSp: for all cr G Sp, there exists {ua, ha) G ExE\{{0,0)} 
such that 

(Da i < ki^a 

Fil Da \ E (^Q,a^l,<T “t“ baf^O^a') k\a ^ ^ ^ ^ 2 ,cr ■ 

[0 i>k2,a 

We suppose p satisfies the following hypothesis. 


Hypothesis 4.1. For all a G Ep, Oa 7 ^ 0. 

Remark 4.2. This hypothesis is automatically satisfied when Ep = Qp by the weak admissibility of 
{Do,D). 


Pose Ca ■= bajoa-, for a G Ep. One sees easily that La is independent of the choice of eg,a- An 
important fact is that one can recover (^Dst(p), DdR(p)) (and hence p) by the data: 

’ OL^qOt, {H(T}crgEp J’■ 

Note that by the hypothesis 4.1, p admits a unique triangulation given by 

0 —>■ unr(a) J([ ^ D^ig{p) ^ TZE{^neai{qa) J([ j —7 0 , 

in particular, p is non-critical. 


4.2. £-invariants and locally Qp-analytic representations. Keep the above notation, following [38], 
one can associate to p a locally Qp-analytic representation of GL 2 (Fp). We recall the construction (note 
that the log maps that we use are slightly different from those in [38]) and introduce some notations. 
Let w G Z, ka & Z >2 for all cr G Ep such that ka = w (mod 2), suppose p is of Hodge-Tate weights 

C w+k„ w — k„+2 \ p i 

V 2 ’ 2 )a€^ ■ 


rGEj; 

X{k^p,w;a) :=unT{a) cr" 


r(a) n 


which is a continuous character of T{Ep) over E. Consider the parabolic induction 


,GL2(Fp) 

B(Fp) 


x{k.G 


we have the following facts 


20 






/ Qi\j2{F ) \ 

• the unique finite dimensional subrepresentation of ( xiksg, i o;)) i® ^(^e,, i 

(unr(a) o det) ■ 

• the maximal locally algebraic subrepresentation of the quotient 

S(fcE^,w;a) := w; a) 

is St{kY,^,w,ct) '■= St®_Eld(fc 2 ^iW;;a), which is also the socle of E(fcs (where St denotes 

the Steinberg representation). 


Let iI}{Ce. ) be the following {d + l)-dimensional representation of T{Fp) over E 




a 0 

*='' Vo d 


/I ••• log^_^__£^_^(ad 

01 0 0 
00 1 ••• 0 


Vo 0 0 • • • 1 

One gets thus an exact sequence of locally Qp-analytic representations of GL 2 (Fp): 


0 ^ 


( Xihs^^w] a) ®E '4 ’(.Lt.S) 


)p —an\ ©d 


0 . 


Following Schraen [38, §4.2], put 

(26) Ys{k-^^,w]a]C-E^) := s-^{V{k^^,w;a)®'^)/V{k^^,w,a). 

Remark 4.3. (1) By [38, Prop.4.13], T,(k'^^,w'-, a'\= T,[kY,^,w]a;C^^) if and only if kL-Sg, = 
k^ , w' = w, a' = a and C'^ = . 

(2) For a € Sp, denote by '0(^<t) the following 2-dimensional representation ofT[Fp): 


One has thus an exact sequence 




( 




0 . 


Put Yi{k -^^, w\ a; Cgf) := s^, ^ (V{k^^ ,w;a)) jVw\ a). One has an isomorphism of locally Qp-analytic 
representations of Glj2{Fp): 

(27) Lj , TC, Cr, ^ 7 ^5 ^5'^<72 ) ,ti;;cK) 

(fcj, ,'W;a;Ca4) > 


Let Xi be a locally CTi-analytic (additive) character of F^ in E, replacing the term log,^.__£_^ (ad“^) 
by logo.;__£_^ (ad”^) + Xi o det, one can construct a representation Yj'{ k-^^,w\ a; exactly the same 
way as Y{k-^^^w\a\ . By cohomology arguments as in [38, §4.3], one can actually prove 


Lemma 4.4. One has an isomorphism of locally Qp-analytic representations ofGlj 2 {Ep): 


(28) 


^'{kEg,,w;a;C^ ) ^ Y{k^ iv, a; ). 
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Proof. We use Ext^ to denote the extensions in the category of admissible locally Qp-analytic represen¬ 
tations. By the same argument as in [38, §4.3], replacing G, T by GL 2 (Fp), T{Fp) respectively, one has 
(see in particular [38, Lem.4. 8 ] and the discussion which follows) 




“) =^o^^„-e^n{T{Fp),E), 


which is hence of dimension 2(c? -|- 1) over E. 


On the other hand, one can prove 

(29) ExtGL 2 (Fp) = HomQ^_a„(E^,E). 

Indeed, put V := V{k^^,w; a) for simplicity, then by [38, Prop.3.5], one has 

ExtL.(F,)(^, E) - GL2(Fp), E Of E^); 

for any finite dimensional algebraic representation IE of Res^/Q^ GL 2 over E, by [15, Thm.3], one has 

HI{GL2 {F^),W) ^ H\q E, IE). 

Using Kiinneth formula (with respect to the decomposition 9 = 5 x 3 , where s denotes the Lie algebra of 
SL 2 (Ep) and 3 the Lie algebra of the center Z{Ep) of GL 2 (Fp)) and the first Whitehead lemma (cf. [42, 
Cor.7. 8 .10]), one can show E[^{q OQp E,W) = 0, if IE is irreducible non-trivial; and H^{q E,E) = 
77^(3 Oqp E, E) = H}^^{F^ , E) = HomQj^_an(7^p , E). Since the trivial representation has multiplicity one 
in E Of E^, one gets the isomorphism in (29). 


From the exact sequence 

0 E(fcs^,w;a) -J- (Ind^^|,^^*=’^ 0 

one gets 

0 —ExtGL2(F^) {Vik^^,w-a),V{k^^,w;a)) 

ExtJ;L,(F^) {y ,w-,a),{ Ind^J^j.^^*’^ xik^^, w; a))®'’““) 

ExtGL 2 (Fp) iy{ks^,w;a),E{k^^,w;a)). 

So diniF Im(j) = d+ 1. This, combined with the discussion above [38, Prop.4.10], shows that the natural 
injection (cf. [38, Prop.3.5], where PGL 2 := GL 2 fZ) 

ExtpGL2(Fp) iy{k-n^TW]a),E{k-^^,w\a)) ' )■ ExtGL2(Fp) (^(^ 2 ^ j ^5 “)) ^(^ 2 ^ 1 '*^5 Q^)) 

induces a bijection between ExtpQL^^Fp) (E(fcs^, w; a), w'! Q^)) and Im(j), from which the isomor¬ 
phism (28) follows. □ 


4.3. Local-global compatibility. Let w € Z, £ Z> 2 , k„ = w (mod 2) for all a £ Ep. Let p be a 
2-dimensional continuous representation of Gal(F/F) over E such that 

( 1 ) p is absolutely irreducible modulo we\ 

(2) pp := plGai(^/Fj,) E semi-stable non-crystalline of Hodge-Tate weights ( — ~ 2 '^^^ )erss 

satisfying the Hypothesis 4.1 with {Ca-ja-GSp the associated Fontaine-Mazur £-invariants and 
{a, qa} the eigenvalues of <p‘^“ over D st(Pp) 

(3) HomG,,i(F/F) {p^Hl{KP,W{k-^^,w))^ ^ 0. 

Denote by Ap the system of eigenvalues of 77^ associated to p (via the Eichler-Shimura relations), put 

n(p) := HomG,i(F/F) 
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Note that one has 


n(p) 


Horn, 


Gal(F/F) 


(p, 




One can deduce from the isomorphism (cf. Thm.2.1(2)) 


a natural injection (cf. Prop. 2.3 and [21, Prop.4.2.4]) 


(30) 


Hi{KP,W{k^,w))_^ _^^®EW{k^,wY ^ 


thus n(p) is non-zero (by the condition (3)). Moreover, by Thm.2.1(l), n(p) is a unitary admissible 
Banach representation of GL 2 (Fp) over E. In fact, n(p) is supposed to be the right representation of 
GL 2 (P’p) corresponding to Pp in the p-adic Langlands program (cf. [7]). By the local-global compatibility 
in the classical local Langlands correspondence for £ = p, and Prop. 2.3 (see also [33, Thm.5.3]), one can 
show that there exists r G Z>i, such that (cf. §4.2) 


(31) 


^ n(p)iaig, 


where n(p)iaig denotes the locally algebraic vectors of n(p).We can now announce the main result of this 
article. 


Theorem 4.5. Keep the above notation and hypothesis, the natural restriction map 

HomGL2(F^) (s(fcE^,w;a;/:r),n(p)Qp-an) —^HomGL2(Fp) (st(fc2^,w;;a),n(p)Qp_an) 
is bijective. In particular, one has a continuous injection of Gh 2 {Fp)-representations 

n(p)Q^-an. 

which induces an isomorphism between the locally algebraic subrepresentations. 


Such a result is called local-global compatibility, since the n(pp) are constructed by the local param¬ 
eters (i.e. parameters of pp) while n(p)Qp_an is a global object. By the isomorphism (27), the theorem 
4.5 would follow from the following proposition. 

Proposition 4.6. For any r G Sp, the restriction map 

HomGL2(Fp) w;a;Tr),n(p)Qp-an) —^ HomGL2(Fp) (St(fc2p, w;a),n(p)Qp_an) 

is bijective. 


Before proving this proposition, we give a corollary on the uniqueness of £-invariants (suggested by 
Breuil): 

Corollary 4.7. Keep the notation in Prop. j.6, let £(. G E, if there exists a continuous injection of 
Gh 2 {Fp)-representations 

F.E{k^^,w;a]C'.,.) '—^ n(p)Qp_an, 

then = Cr- 

Proof. By Prop. 4.6, the restriction on i to St [k^^,w; a) gives rise to a continuous injection 

j ■■ ^{ks^,w;a-£r) '—^ n(p)Qp_an. 

Suppose £(. ^ Ct, one can thus deduce from i and j an injection 

(32) S(fcs^,w;a;T(.) ®Y.(k^^,w-a) a; Cr) '—5- n(p)Qp_an- 

Put for simplicity 

V := E(fcs^,u;;a;/:(.) F:(k^^, w; a; £r), 
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the key point is the locally algebraic subrepresentation Maig contains an extension of V{k-^^,w; a) by 
St a), which would contradict to (31): 


Denote by tj}{C'^,Cr) the following S-dimensional representation of T{Fp): 



thus one has an exact sequence 
0^ 


( a) (8 >b Cr))^ 

^ ((a))^ 


•p —an\ ©2 




0 . 


It’s straightforward to see 

V (s')-\V(ks^,w;a)®^)/V(ks^,w;a). 

On the other hand, '4’[C^,Cr) admits a smooth subrepresentation 

V^o(4,^.)(o 2) = (J 

one has thus an exact sequence of smooth representations of GL 2 (i^p) 

(‘"Cl)'’-”)” 

where Xa := unr(a) (g)unr(a). Note that unr(a) odet is the socle of Xa)°°, and one can check 

V' := ((s")“^(unr(a) o det)/ unr(a) o det) ®_e W{k-^^,wY 

is a locally algebraic subrepresentation of V, which is an extension (non-split) of V(k^^ ,w;a) by St ,w;a). 
We deduce from (32) an injection V ^ n(p)iaig, a contradiction with (31). □ 


Remark 4.8. By Thm.^.5 and Cot.^.I, we see that the local Galois representation Pp can be determined 
by n(p). 


The following lemma has a straightforward proof that is omitted. 

Lemma 4.9. Let V be an admissible locally Qp-analytic representation of Gh 2 {Fp) over E, there exists 
a natural bijection 

HomGL,(F^) (F,n(p)Qp-a„) ^ HomG,^j(p/^) (p,HomGL2(F^) {V,HUKP,E)^lz^f)y 
The Prop. 4.6 thus follows from 

Proposition 4.10. With the notation in Prop. 4-6, the restriction map 

(33) HomGL.(F,) {j:{k^^.w-wCr),HUKZE)^=lf) 

HomGL,(Fj ( St (As^ .w-,a), 


is hijective. 
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The rest of this paper is devoted to the proof of Prop. 4.10. Given an injection (whose existence follows 
from (31)) St ^ , by applying the Jacquet-Emerton functor and Thm.3.1, 

one gets a closed E-point (associate to p) in V{KP,w)p given by 

^ := (x := x{kT:^,w;a)S,Xp). 

Lemma 4.11. The restriction map (33) is injective. 


Proof. The proof is the same as in [20, Prop.6.3.9]. Let / be in the kernel of (33), suppose f ^ 0, thus / 
would induce an injection 






with Vp an irreducible constituent of T,(^kY,^,w,a; Cr) different from St (since / lies in the 

kernel of (33)) and from V{k^^,w; a) (by (31)), from which, by applying the Jacquet-Emerton functor, 
one would get a companion point of z, which contradicts to the fact that z is non-critical (thus does not 
admit companion points, cf. Cor. 3.25). □ 


In the following, we prove the surjectivity of (33), which is the key of this paper. By assumption, we 
know the point z is non-critical, thus one may find an open neighborhood ZJ of z in V{K^ ,w)-p such that 
(cf. Cor. 3.26 and [20, Lem.6.3.12]) 

(1) U is strictly quasi-Stein ([21, Def.2.1.17(iv)]); 

(2) for any z' £ 13(E), z' does not have companion points. 

Denote by A4 := A4{KP,w)-p for simplicity, the natural restriction (with dense image since U is strictly 
quasi-Stein) 

- M{V{KP,w)p) —^ M{U) 

induces a continuous injection of locally Qp-analytic representations of T (invariant under TL^) 

(34) ^ Jb 

where denotes the strict dual of MiU). As in [20, Lem.6.3.13, 6.3.14], one can show (see [22, 

Lem.4.5.12] and the proof of [22, Thm.4.5.7] for GL 2 (Qp)-case) 

• M.{U)'( is an allowable subrepresentation of Jb {HI^{KP, ) (cf. [24, Def.0.11]) (this 

follows from the fact U is strictly quasi-Stein); 

• the map (34) is balanced (cf. [24, Def.0.8]) (this follows from the fact any closed point in U does 
not have companion points); 

• M{U) is a torsion free (!l(Wi,Sp)-niodule (cf. §3.3). 

Denote by t C t the Lie algebra of Z[ C T{Fp), by [20, Cor.5.3.31] ^note that [20, Cor.5.3.31] still holds 
with t replaced by t, and note that M.{IA)'( is a divisible U(iEp)-module since M{U) is a torsion free 
U(tEj,)-module with U(ii;p) ^ £l(Wi,Ep), e.g. see [20, §5.1.3, Prop.5.1.12]^, the map (34) induces a 
continuous GL 2 (Fp) x TZP-invariant map (see [22, (4.5.9)] for GL 2 (Qp)-case) 

(35) (Indj;^;^-) A4(ZY)nri])'^’’-“ ^ J, 

where denotes the twist of M{U)X by S~^. We would deduce Prop. 4. 10 from this map. 
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For cr g Ep, denote by To- (resp. Wi,a} the rigid space over E parameterizing locally tr-analytic 
characters of T{Fp) (resp. 1 + 2wOp), which is hence a closed subspace of (resp. Wi e^) (e.g. see 
[20, §5.1.4]). 

The character y induces a closed embedding 

X : y^i,T '—^ >Vi,E(,, X ^ x\z{x'- 

Recall that we have a natural morphism k : V{KP,w)p VVi.Ep which is etale at z (cf. Thm.3.28). Put 
V{KP,w)p^r ■= "^{KP,w)p 'Zwi,-E^,x one has thus a Cartesian diagram 

V{KP,w)-p,r -^ Wl.r 

X 

V{KP,w)j -^ Wi.E^ 

Denote still by z the preimage of z in V{KP,w)p^r, k the natural morphism V{KP,w)p^r —>■ Wi.t, thus 
K is etale at z. By results in §3.4.3, one can choose an open affinoid V of V{KP,w) containing z such 
that V is etale over Wi,t, and that any point in V does not have companion points. Denote by Vt the 
preimage of V in V{KP,w)p^r- We see Vr is in fact a smooth curve. By Prop. 3.18 and shrinking V (and 
hence Vt) if necessary, one gets a continuous representation 

pv^ : Gal(F/F) ^ GUiOiV)) ^ GL2(0(W))- 

Denote by xw = Xvv.i ® Xvv ,2 : T[Fp) 0 {Vt)^ the character induced by the natural morphism 
Vt —s- V{K^,w)p^t V(Rr^’,ri;)p —Te^. By [29, Thm.6.3.9] applied to the smooth afhnoid curve 14, 
together with the fact that any point in 14 does not have companion points, one has 

Lemma 4.12. There exists an exact sequence of {ip,r)-niodules over TZo{Vt) •= Fp®Qp^(^t) 
for example [29, Thm.2.2.17] /or Zlrig(pvy and [29, Const.6.2.4] for (ip^T)-modules of rank 1 associate 
to continuous character of F^ with values in 0(14)^); 

(36) 0 ^ ^ £'rig(pv.,,p) 'R-o(v^){xVtP H O' 


Let It : Spec£J[e]/e^ —^ Wi,r be a non-zero element in the tangent space of Wi^r at the identity point 
(corresponding to the trivial character), since 14 is etale over Wi^t, 4 gives rise to a non-zero element, 
still denoted by in the tangent space of V{K^,w)-p^T at the point z. The following composition 

(37) 4 : Spec E[e]/e^ —F V(44 w)-p^T V(44 w)j 

gives rise to a character Xt '■ T{Fp) —s- (iJ[e]/e^)^. We have in fact Xr = tr oxVt (4 : 0(14) E[e]/e^'). 

We know Xt = X (mod e). Since the image of (37) lies in T^^{w) (cf. (12)), we see Xi-|zi = and 

thus (XrX"^)|zi = 1- 

Lemma 4.13. There exist 7 , ?7 g 4, /i g E^ such that 

'0r := XrX~^ = unr(l -k 7 e)(l - pelog^ Q ,^) (g) unr(l -k 77e)(l -k pelog^ Q ,^). 

Proof. The lemma is straightforward. Note that p ^ 0 since tr (as an element in the tangent space) is 
non-zero. □ 

By multiplying e by constants, we assume p = 1 and thus 

fjT = unr(l -k 7 e)(l - elog^ o,^) ® unr(l -k r 7 e)(l -k elog^^o,®)- 

The following lemma, which describes the character Xt in terms of the 4-invariants, is one of the key 
points in the proof of Prop. 4. 10. 
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Lemma 4.14. (?? - 7)/2 =-e ^{Cr+ \ogr {:^)) = {-Cr){w) (cf. ^1). 


Proof. Denote by pz,p '■= tr o pv^.p ■ Gal(Qp/J^p) GL 2 (C>(Lr)) GL 2 (£'[e]/e), from (36), one gets an 

exact sequence of (<p,r)-modules over TlE[f]/€'^'- 

(38) 0 ^ 7^B[e]/£2(unr(g)x^-4) Drig(pz,p) ^ 7^E[e]/e2^X^-_2 ^ 0. 

For a G Ep, denote by Eo-.ct the character of with £a,-m\Q>^ = <^\o^ ^^.^(t^) = 1- Recall 

X = unr(( 7 “^a) Yiae’s^, ^ ® unr(gQf) rio-eEp ^ ■ We have thus 

:= unr((7)xr,i = unr (a(l + ye)) (1 - e log^ o.r^,) H ^ ^ 

= unr(^a(l + 7 e) J)[ cr(ti7)"^^^-^) (1 - e log,. o_^) J)[ , 


^ 2 :=Xr ,2 n cr 1 = unr (^ga(l + rye) J)[ cr(ro) ”’^'' 2 " ' ^ (1 + e log^ H ' 

tr^Sgo 

_ — feq- +2 

Let xo := (1 — dog,, q^^) OtreEp ^ > one can view xo as a character of Gal(Qp/Fp) over i?[e]/[e^] 

via the local Artin map Arti;’^. Denote by p := Pz^p ®E[f]/e^ Xo 

5'i '■= dXo ^ = unr (^q ;(1 + ye) J)[ a{w) 

^2 ■= ^ 2 X 0 ^ = unr (^ 50(1 + ye) J)[ ( 7 ( 07 )" ”^ 2 " (1 + 2 elog^_o_,„) J)[ 

Thus one has 


(39) 


0 —7- FE[e]/e^i'^l) D^igCp) TiE[e]/e2{S2) —>• 0. 


Denote by a := a(l + 7e) IltTeSp ^(w) 2"^ ^ by (39), (Rcris^Qp is free of rank 1 over 

A’p.o ®Qp A[e]/e^, and that the A-representation p (mod e) of Gal(Qp/Fp) is semi-stable non-crystalline 
of Hodge-Tate weights (1 — ka, 0)crGEp, and has the same ^-invariants as Pp. By applying the formula in 
[43, Thm.1.1], one gets 


T',/' 7 + ^\ 1, / P \ n 

do 2 do d a 


In fact, with the notation of loc. cit., one has 


io§p^0,tn ^ iogp 


'JL 


■)V’l + lr '02 


where G Fp ®Qp E = IIcrGSp ^ ®uch that = 0 if cr ^ r and {1t)t = 1, and where we view log^ q 
as an additive character of Gal(Qp/Fp) via the local Artin map Art^p- Thus one can apply the formula 
in [43, Thm.1.1] to 

{R, a, 5, «} = {p, 5, ( - ^ logp (|^)) e, 2.e}. 

The lemma follows. □ 


The following lemma follows directly from Lem. 4.14. 
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Lemma 4.15. As representations ofT(Fp) (of dimension 2) over E, one has 

XtS~^ ^ -ipiCr)', 


where ip{Cr)' 


0 d 


0) _ f 1 logr-£^(arf ) + 


i+v 


2 Vp{ad) 


The parabolic induction (ind- 


GL2(Fp) 

S(Fp) 


~ X—It*! 

XrS 


lies thus in an exact sequence as follows 


(40) 0^(lnd| 


GL2(Fp) 

S(F^) 


xik 




xQp an / GL2(Fp) ~ r-lV 

,)) XrS ) 




X{k.^,,w-a 


0 . 


By Lem. 4.4, one has 

Lemma 4.16. One has an isomorphism of locally Qp-analytic representations ofGlj 2 iFp)-' 
{Sr)~^{V{k^^,w;a))/V{k^^,w;a) ^ T,{k^^,w;a; C^) ■ 

Consider the composition E ■ Speci?[e]/e^ V{KP,w)p^r ^ V{KP,w)p, and {t*M)'^ being a finite 
dimensional i?-vector space equipped with a natural action of T{Fp) x TLP. We claim there exists n S Z>i 
such that (as r(T’p)-representations) 

(41) {t(Mr - xr ■ 

In fact, as in §3.4.3, there exists open affinoids V of V{KP, w)p and U of yVi,Sp such that V' lies over U, 
0{V') = 0{U), and that MiV') is a locally free O(17)-module. The group T{Fp) acts on M{V') via the 
character T{Fp) —>■ 0{V')^ = 0{U)^ (with the first map induced by the natural morphism V' —>■ Is^), 
the claim follows. We also see that TiP acts on Ai{V') via the natural morphism HP —?> 0{V') = 0{U). 
Thus HP acts on {t*M)'^ via HP —>■ 0(V') —>■ i?[e]/e^, in particular (t*M)'^ is a generalized Ap-eigenspace 
for HP (one can view tr as a thickening of the point z). 

Since U is strictly quasi-Stein, the restriction map MilA) t*M is surjective, so we have injections 

{z*My ^ {t*MY ^ M{uy. 

Firstly note that a non-zero map / in the right term of (33) corresponds to a non-zero vector v G (z*A4y 
in a natural way: 

(42) {z*Mr 

JB{HiyKP,Wik^^,w)) 

^ JBiHi{KP,W{k^^,w))f‘'^-^^'^’'^^=’''’ ®Ex{k^,.w) 

^ HomGL 2 (F,) f;6-^r,HiyKP,W{k^^,w))^’’=^^) 

^ HomGL 2 (F,) ( St (fcs^ ,w;a), Hi,{KP, , 

where the first isomorphism follows from Thm.3.1, the second from the fact that any vector in the second 
term is classical (see also Cor. 3.12), ip := xx{k^p,w)~^ (cf. Cor. 3.12), the fourth from the adjunction 
formula for the classical Jacquet functor, and the last isomorphism follows from (30) and (31) (and [20, 
Cor.5.1.6]). 

By the isomorphism (41), there exists v G {t*My such that {E[e\/ey-v = x and that v G (£i[e]/e^) -v. 
By multiplying t by scalars in E, one can assume v = ev. The T(F'p)-invariant map, by mapping a basis 
to V, 


induces a GL 2 (i^p)-invariant map denoted by v 


(43) V 


M{U)]^[S-^]f^ = Apj 


[n^ = Ap], 


Similarly, the T(Fp)-invariant map y ^ , by mapping a basis to n, induces a GL 2 (Fp)- 

invariant map, denoted by v 


) see that the folk 

/t ,GL2(F5,) r_i\Qp-an V 


hI{kp,e) 


Zi=^-”,'H’’=Ap 


B(Fp) >-/75,yp-an 

It’s straightforward to see that the following diagram commutes 




Zi=.yK“”',WP=A„ 


(44) 


iGL2(Fp) 

B{F^) 


' Xr5-^) 


n —an V 


^ HUK^,Et^f-;[W = X,] 


Aan L' ' 'PJ 

where the left arrow is induced by y y, and the right arrow is the natural injection. 


By the same argument as in the proof of Lem. 4.11, one can prove the map v factors through an 
injection 

Moreover, we claim the restriction /„ := r'|st(fcj, ,w,a) is equal to /. In fact, by taking Jacquet-Emerton 
functor, one sees both the maps / and /„ give rise to the same eigenvector 

from which the claim follows. 


By the commutative diagram (44) and Lem. 4.16, we see v induces a continuous GL 2 (Ep)-invariant 
injection 

(45) S(fcs^ ,w,a-Cr)^HlAK-P, [U^ = \], 

whose restriction to St{k-^^^w\a) equals to / (by the above discussion and commutative diagram (44)). 
It’s sufficient to prove the map (45) factors through 

By the same argument as in the proof of Lem. 4.11, one can prove the following restriction map is 
injective: 

HomGL2(F,) (E(fcs^,n;;a;£p),iLit(ifP,E)Q^_an[H^’ = Ap]) 

—^HomGL 2 (F^) (st (fcs^,u;;a),5]t(i^^,E)Qp_an[H^ = ^p]) • 

For any X G , we know the restriction of the map {X — Xp{X))v to St [k-^^,w;a) is zero (since 
the image / lies in the Ap-eigenspace), hence {X — Xp{X))v = 0 ^here Xv signifies the composition 

'E{ks^,w]a;Cr) Hl^{KP, E)Q^-an[H^ = Xp] HI^{KP, E)Q^-an['HP = Ap]^, in other words, 

Im(n) G Hl^{KP, E)^^Z^n ■ This concludes the proof of Prop. 4.10. 
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